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Abstract

In performing transfer path analysis of structure-borne sound transmission, the operational forces at the excitation

points and/or at the connections within the structure-borne paths are required. These forces can be obtained by using

inverse techniques but the measured data used will contain some unknown errors. Therefore the reconstructed forces may

include large errors due to the inversion of an ill-conditioned matrix of these measured data. In this study, Tikhonov

regularization is used in order to improve the conditioning of the matrix inversion. Several methods are available to select

the optimal regularization parameter. The purpose of this paper is to compare the performance of the ordinary and

generalized cross validation methods and the L-curve criterion. Simulations are carried out, representing measurements on

a rectangular plate, for different noise levels in measured data. Also, the robustness of the conclusions is investigated by

varying the shape of the plates, the force positions, and the noise levels included in the measured data. The L-curve method

is found to perform better than OCV or GCV, particularly for high noise levels in the operational responses, but less well

when these noise levels are low. It is therefore found to be less susceptible to producing large reconstruction errors but it

tends to over-regularize the solution in the presence of low noise, leading to under-estimates of the forces. In practice,

measurements of operational responses may be susceptible to noise contamination which suggests that the L-curve method

is likely to be the most appropriate method in practical situations. Nevertheless, it is important to obtain good estimates of

the likely noise in the signals before determining the most appropriate regularization technique. Ordinary cross validation

method is generally found to have a better performance than generalized cross validation method if the matrix condition

numbers are high. Since the need for regularization is greater with high condition numbers, it is consequently found that

the ordinary cross validation method gives more reliable results overall than the generalized cross validation method.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

In performing transfer path analysis of structure-borne sound transmission, the operational forces at the
excitation points or at the connections within the structure-borne paths are required. In the present
application it is assumed, as is often the case, that the number of forces and their location are known. The
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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forces are difficult to measure directly so inverse techniques are often used, combining a measured frequency
response function (FRF) matrix and a set of operational responses [1–4]. However such methods are sensitive
to the conditioning of the FRF matrix, which has to be inverted. Since the measurements of the operational
responses and the frequency response functions include some errors that cannot be known, the reconstructed
forces and responses may contain large errors, magnified by the matrix inversion.

To reduce the errors caused by the inversion of the FRF matrix, the singular value rejection method has
often been used in previous research [1–5]. This method usually results in reduced errors for the reconstructed
forces. Verheij [1] described large (or compact) mechanical sources with uncorrelated (or correlated)
equivalent point forces, which were estimated by the inverse method. In order to improve the conditioning of
the matrix inversion, the singular value rejection method was introduced. Smaller singular values were rejected
if they were corrupted by noise. A threshold to reject singular values was established based on estimates of the
accelerance measurement errors. This equivalent forces method was then applied to studying sound
transmission paths for a ship engine and gearbox [2]. Janssens et al. [3] applied this method to flanking paths
of a diesel engine on a ship, in particular the drive shaft and cooling water pipes.

However, rejecting the singular values smaller than some threshold causes some information to be lost.
A small change in the threshold can result in a singular value being accepted or rejected which may make a
significant change to the results. To overcome this, the singular values can instead be weighted such as in
Tikhonov regularization. Alternatively, the matrix inversion can be converted to a forward solution using an
iterative process so that error amplification can be limited. Such a technique has been used extensively in
digital image processing [6]. In this approach the iteration number determines the error amplification and its
optimal value is determined based on estimates of bias and random errors in the solution.

Such methods of matrix regularization are often used to overcome ill-conditioning problems in other fields,
such as Nearfield Acoustic Holography (NAH) [7,8] and acoustic source identification [9,10]. They have also
been introduced more recently in inverse force determination [5,11,12]. In [12] it was shown that both
Tikhonov regularization and the iterative inversion can improve the source reconstruction considerably,
although the iterative technique involved considerable extra computational time whilst performing similarly to
Tikhonov regularization.

In both techniques, it is important to choose an optimal value of regularization parameter or number of
iterations. Thite [5,12] used ordinary cross validation (OCV) [13] for choosing an optimal value in Tikhonov
regularization and also developed an alternative called selective cross validation. More recently it has been
shown that regularization using OCV should be used where the matrix condition number is high but that
results are better with no regularization where the condition number is low [14].

In the present paper, the techniques of generalized cross validation and L-curve criterion for selecting the
optimal Tikhonov regularization parameter are considered and compared with OCV. Generalized cross
validation (GCV) [15], is a rotation-invariant version of OCV. The L-curve is a plot of the norm of a
regularized solution versus the norm of the corresponding residual as the regularization parameter is varied
[16]. The shape of the curve is used in obtaining an optimal value for the regularization parameter. These
methods have previously been applied for example to acoustic source identification problems [10,17]. Kim and
Nelson especially compared the method of GCV and the L-curve method to determine the optimal
regularization parameter for acoustic source reconstruction [17]. They concluded that L-curve is most effective
when the problem is relatively well-conditioned and the reconstruction result is mainly dominated by
contaminating noise whereas GCV provides a more reasonable amount of regularization for ill-conditioned
problems where the noise levels are relatively low.

The purpose of the present study is to compare the performance of the methods of GCV and L-curve with
that of OCV for inverse force determination. To achieve this use is made of simulations on a simple structure;
as in [5,11,12] a flat rectangular plate is used.

Although the use of simulations may have limitations, inevitably involving an arbitrary choice of
contaminating noise, it has the advantage over measurements that the correct answer is known a priori,
allowing more detailed comparisons of the performance of the methods. Moreover, it readily allows
consideration of a large number of variants. In contrast, for measured data, the correct answer is not known
reliably, nor can the noise contamination be determined precisely. Therefore, no results are presented here for
measured data, as these would not allow sufficient discrimination between the methods to be useful.
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Structural applications differ from the acoustic one (e.g. [10,17]) in the respect that the transfer functions
tend to be much more strongly resonant. Although the results presented are limited to a flat rectangular plate,
there is nothing inherent in this structure that affects the conclusions, which are presented in terms of matrix
condition numbers and signal-to-noise (S/N) ratios. It is therefore expected that the conclusions are, at least
qualitatively, applicable more generally to force identification on other structures.

The robustness of each of these methods is assessed for different noise levels and under the variation of a
number of parameters. The parameters varied are the shape of the plates, the force positions (the relationship
among force positions themselves and the relationship between force and response positions) and the noise
levels included in measured FRFs and operational responses. Considering these factors, the performance of
OCV, GCV and L-curve is compared in terms of the average errors in the reconstructed forces.

2. Methods for selecting the Tikhonov regularization parameter

2.1. Tikhonov regularization

It is supposed that a vector of operational responses â are measured at some positions, and that the matrix

of frequency response functions Â from a set of force positions to the above response positions are also
measured. The force positions are assumed to be known. The objective is to find a vector of forces ~F such that
âffi Â ~F .

The measured operational responses â and the measured frequency response functions Â contain some
errors that are unknown. Therefore, if it is supposed that the fitted force ~F can be obtained, a fitting error can
be defined as

~e ¼ â� Â ~F . (1)

To minimize such fitting errors ~e, Tikhonov suggested a cost function given by

J ¼ ð~eH ~eÞ þ lð ~F
H ~F Þ, (2)

or

J ¼ ðâ� Â ~F ÞH ðâ� Â ~F Þ þ lð ~F
H ~F Þ, (3)

where l is a regularization parameter and H indicates Hermitian transpose. For this cost function to be
minimized, the first derivative of J with respect to the force vector ~F must be zero. The optimal solution to
minimize the error amplification in force reconstruction is found to be

~F ¼ ðÂ
H

Âþ lIÞ�1Â
H

â. (4)

Using the singular value decomposition of the accelerance matrix, Â ¼ USV H , in which S is a diagonal matrix
of singular values and U and V are unitary matrices, Eq. (4) can be represented as

~F ¼ V ðSHS þ lIÞ�1SHUHâ. (5)

Thus the singular value si becomes si=ðs2i þ lÞ in the regularized inverse.
Now the problem is how to select an appropriate regularization parameter l to obtain the optimal force

vector. To do this, it is necessary to know the errors in the measurement but, as previously stated, the errors
are unknown. Consequently several kinds of mathematical concept that approximate the errors are used, for
example, ordinary cross validation, generalized cross validation, etc. In the next sections, these methods are
presented briefly.

2.2. Ordinary cross validation

In the method of ordinary cross validation [13], the force vector ~F k is determined by using Eq. (5) with the
measured operational responses except one (the kth). The kth response is reconstructed by using the force
vector ~F k multiplied by Âk, the vector containing the kth column of Â. The difference is calculated between the
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kth measured operational response âk and this estimate Âk
~Fk. Hence the ordinary cross validation function is

defined as

V OðlÞ ¼
1

m

Xm

k¼1

âk � Âk
~F k

��� ���2, (6)

where m is the number of responses. Eq. (6) can be rewritten in matrix form as [15]:

V OðlÞ ¼
1

m
BðlÞðI � CðlÞÞâ
�� ��2, (7)

where �k k indicates the Euclidean norm, CðlÞ ¼ ÂðÂ
H

Âþ lIÞ�1Â
H

and B(l) is the diagonal matrix whose
entries are given by 1=ð1� ckkðlÞÞ, ckk(l) being the kth diagonal entry of C(l).

For a series of values of the regularization parameter, the cross validation function VO(l) is calculated and
the value of l that corresponds to the minimum of VO(l) is identified as the optimal value of regularization
parameter. Using the optimal value of l, the optimal forces and responses can be reconstructed using the full
matrix Â. This process is carried out for each frequency.

2.3. Generalized cross validation

In the extreme case where the entries of the measured frequency response functions Â are 0 except for the
jjth entries (j ¼ 1; 2; . . . ;m), the matrix C(l) in Eq. (7) is diagonal, and consequently:

V OðlÞ ¼
1

m
âk k2 ¼

1

m

Xm

k¼1

âkj j
2. (8)

In other words the force determining ak is found to be 0 when ak is omitted from Â, and so the reconstructed
ak is zero. In this case, the ordinary cross validation function is independent of the choice of the regularization
parameter so that the method of ordinary cross validation would not perform very well in such near-diagonal
cases. Golub et al. [15] therefore suggested a modification to the method called generalized cross validation,
which follows from the argument that any good choice of l should be invariant under rotation of the
measurement coordinate system. Generalized cross validation is thus a rotation-invariant form of ordinary
cross validation. This method may be derived as follows.

First, a matrix W is defined as a unitary matrix that diagonalizes the circulant matrices. The entries of this
matrix are given by

W jk ¼
1ffiffiffiffi
m
p e 2piðjk=mÞ; j; k ¼ 1; 2; . . . ;m, (9)

where m is the number of response positions. Multiplying a matrix by W has the effect of applying a discrete
Fourier transform to this matrix. It will be used for resolving the diagonal problem of the measured frequency
response functions.

Next, using the singular value decomposition of the measured frequency response function Â, Eq. (1) can be
written as

~e ¼ â�USVH ~F . (10)

If this is pre-multiplied by UH and then by W this gives

WUH ~e ¼WUHâ�WSV H ~F . (11)

This transformed model is represented as

~et ¼ ât � Ât
~F , (12)

where ât ¼WUHâ is the vector of transformed measured operational responses, Ât ¼WSV H the vector of
transformed frequency response functions, and ~et ¼WUH ~e the vector of transformed fitted errors.
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By applying ordinary cross validation to this transformed model, Eq. (12), the generalized cross validation
function can be defined as

V GðlÞ ¼
ð1=mÞ ðI � CtðlÞÞât

�� ��2
½ð1=mÞTrðI � CtðlÞÞ�2

, (13)

where CtðlÞ ¼ ÂtðÂ
H

t Ât þ lIÞ�1Â
H

t is a circulant matrix and thus constant along the diagonals. Since C(l) and
Ct(l) have the same eigenvalues, Eq. (13) can be written as

V GðlÞ ¼
ð1=mÞ ðI � CðlÞÞâ

�� ��2
½ð1=mÞTrðI � CðlÞÞ�2

. (14)

Furthermore, it can also be shown [15] that VG(l) is a weighted version of the ordinary cross validation
function VO(l) so that

V GðlÞ ¼
1

m

Xm

k¼1

âk � Âk
~Fk

��� ���2wk, (15)

where wk ¼ ½1� ckk=ð1� ð1=mÞTrCðlÞÞ�2.

2.4. L-curve criterion

The L-curve [16] is a log–log plot of the norm of a regularized solution versus the norm of the corresponding
residual (fitting error) as the regularization parameter is varied. It is a convenient graphical tool for
displaying the trade-off between the size of the regularized reconstructed forces and the fit to the given

response data. Here the norm of the reconstructed forces ~F
�� �� is plotted against norm of the residue

ðâ� Â ~F Þ
��� ���. As the regularization parameter l increases, the norm of the reconstructed forces ~F

�� �� decreases

monotonically and the norm of the residue increases monotonically. The curve is L-shaped: approximately
vertical for small l, and approximately horizontal for large l, with the corner providing the optimal
regularization parameter. In other words, the rationale behind this choice is that the corner separates the flat
and vertical parts of the curve, where the solution is dominated by regularization errors and random errors,
respectively. It is suggested [16] that the point on the L-curve that has maximum curvature should be chosen as
corner of the curve and therefore the optimal parameter value. This can therefore be automated without the
need to plot the L-curves.

3. Simulations

3.1. Analysis object

To compare the effectiveness of OCV, GCV and L-curve, a series of numerical simulations have been
carried out based on a simply supported rectangular plate. Numerical simulations have the advantage that a
correct answer is known, allowing the methods to be assessed more fully than with measured data.

As in Refs. [5,11,12] the plate is taken to have dimensions 600� 500� 1.5mm and its material is steel
(Young’s modulus: 2.07� 1011N/m2, Poisson’s ratio: 0.3, density: 7850 kg/m3, and damping loss factor: 0.03).
Four positions were selected at random for applying coherent point forces perpendicular to the plate, and five
positions for measuring operational responses. This 5� 4 case is small enough that the use of regularization is
necessary [14]. One more response than force is needed for the cross validation process. The locations of the
force and response measurement positions are shown in Table 1. The forces are defined in terms of their
frequency spectra: they are chosen to have broad-band spectra with constant rms amplitudes in each one-third
octave band (i.e. ‘pink’ noise). The corresponding amplitudes are listed in the table.

The frequency range used initially for the simulations is from 10Hz to 3.6 kHz. The plate response is
dominated by individual modes at low frequencies and by multiple overlapping modes at high frequencies.
The first mode occurs at 25Hz. A typical frequency response function is given in Fig. 1.
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Table 1

Non-dimensional positions of forces and responses

Force positions and rms amplitude Response positions

No x/a y/b Force (N) No x/a y/b

1 0.41 0.43 19.0 1 0.55 0.40

2 0.51 0.63 10.0 2 0.90 0.80

3 0.62 0.41 27.0 3 0.60 0.50

4 0.31 0.72 6.0 4 0.70 0.71

5 0.61 0.31
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Fig. 1. Transfer mobility from excitation point 3 to response point 1 for high noise.

Table 2

Average signal-to-noise ratios in dB of operational responses and FRFs and average condition number of FRFs

Noise levels

Low (high S/N) Medium (medium S/N) High (low S/N)

Operational response (dB) 50.0 13.5 2.6

FRF Acceleration (dB) 49.0 27.3 11.3

Force (dB) 60.0 40.0 32.0

Condition number 46.8 17.2 12.2

H.G. Choi et al. / Journal of Sound and Vibration 304 (2007) 894–917 899
In these simulations, noise signals should be added to the ‘measured’ signals because an analytical model
would otherwise have an exact solution allowing inversion without any errors. The so-called measurement
noise was added to the acceleration and force signals [5]. The noise levels added to obtain operational
responses and frequency response functions can be quantified by the average S/N ratio across all one-third
octave bands and are classified as low, medium and high. These average values for the three levels of noise
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used are shown in Table 2, although note that the S/N ratio actually varies with frequency [5]. In modelling the
noise an arbitrary choice has to be made as it is not feasible to consider every type of noise.

The numbers of averages that have been used in estimating FRFs and operational responses are 50 and 25,
respectively.

The condition numbers of the measured frequency response functions in the presence of different noise
levels are shown in Fig. 2 and the frequency averaged condition number is also given in Table 2. The highest
peak at 25Hz corresponds to the first mode of the plate and is highest for low noise in the FRFs.

3.2. Force determination

Examples of the forces determined by using the three methods of OCV, GCV and L-curve are shown in Fig. 3.
The noise levels in the measurements here correspond to low noise in the FRFs and medium noise in the responses.
This case is chosen because in Ref. [5] it was found to be particularly difficult to obtain good results, especially at
low frequency where the condition number is high. All results are calculated in narrow bands (1Hz spacing) and
the results are converted to one-third octave bands for presentation. The true forces applied for all frequency bands
are shown in the right-hand part of the figure (constant for each frequency band). The forces are predicted more
reliably at high frequencies than at low frequencies, and are better for the larger forces than the smaller ones. At
low frequencies, large force determination errors result from high condition numbers (Fig. 2).

For the simulation considered, the forces reconstructed using Tikhonov regularization with OCV are more
reliable than with GCV below 100Hz. Using the L-curve method reduces error amplification at low
frequencies, but in most cases over-regularizes the solution leading to under-estimates of the forces. At higher
frequencies all three methods reconstruct the forces equally well.

3.3. Robustness for different noise levels

To investigate the robustness of each method in selecting the regularization parameter for different levels of
noise in the responses and the FRFs, calculations are performed for the various combinations of noise level
identified in Table 2. As well as ordinary cross validation, generalized cross validation and L-curve, a fourth,
idealized method of determining the regularization parameter is considered for comparison. This, referred to
as minimum force error (MFE), uses the fact that the forces are known to find the value of regularization
parameter that minimizes the force error. The mean-square error in the forces over all frequencies is
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Fig. 3. Reconstructed rms forces in one-third octave bands using low noise in accelerances and medium noise in the responses: —— force

1, – – – force 2, - - - - - - force 3, – � – � – force 4. (a) OCV; (b) GCV; and (c) L-curve.
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determined for a range of values of regularization parameter and the value that yields the minimum such force
error is selected. This represents an ideal case and shows the best that could be achieved by regularization; it is

not intended as a practical method. The MFE does not result in zero force error due to the presence of noise
contamination; it gives an indication of the error amplification due to the ill-conditioning of the FRF matrix.

To select the optimal regularization parameter for each method, the corresponding validation function V is
evaluated initially for a wide range of regularization parameters, given by l ¼ 0, s2max � f10

�10; . . . ; 1g where
smax is the largest singular value and the values except 0 are spaced logarithmically (50 points per decade).

To simplify the presentation an average error estimate is used, given as follows:

�force ¼
1

n

Xn

j¼1

1

N

XN

k¼1

L ~F ;j � LF ;j

��� ���2
k

" #1=2
, (16)

where eforce is the average force error in dB, n is the number of force positions, N is the number of one-third
octave bands k in the frequency range considered, L ~F ;j is the reconstructed jth force level in one-third octave
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Table 3

Average errors in dB calculated in one-third octave bands in forces reconstructed in the frequency range of 10–500Hz for the initial plate

Noise levels in operational responses

Low Medium High

OCV

Noise levels in FRFs Low 1.8 9.6 13.4

Medium 2.7 4.2 9.5

High 2.6 3.3 4.7

GCV

Noise levels in FRFs Low 1.6 10.5 17.3

Medium 2.7 4.9 11.6

High 2.7 3.4 6.4

L-curve

Noise levels in FRFs Low 4.0 3.9 2.9

Medium 4.2 4.0 3.2

High 4.1 4.0 3.4

MFE

Noise levels in FRFs Low 0.4 1.4 2.2

Medium 1.3 1.5 2.3

High 2.0 2.0 2.4

H.G. Choi et al. / Journal of Sound and Vibration 304 (2007) 894–917902
bands in dB and LF,j is the actual force level in one-third octave bands in dB. These are evaluated over
the limited frequency range 10–500Hz as the errors in the reconstructed forces are small at higher frequency,
see Fig. 3.

Table 3 shows the results. For the methods of OCV and GCV, the inverse force determination is observed to
be very sensitive to the noise level in the response when the condition numbers are large (i.e. low FRF error).
The forces determined by GCV are a little worse on average than those found by OCV, probably because, for
the case considered, the FRF matrix is not near-diagonal. The L-curve method gives much improved
estimation of forces for high noise in operational responses but the results are inferior to OCV for low noise
in operational responses. The average errors obtained by the L-curve method are largely independent of the
noise levels.

Not surprisingly all the results are worse than the ideal case, MFE. However, it is interesting to note that the
average errors of forces obtained by MFE increase as the noise levels increase, not only those in the FRFs but
also those in the operational responses. By contrast, the average errors of forces reconstructed by OCV and
GCV are largest for high noise levels in the operational responses and low noise levels in the FRFs, where the
condition numbers are highest (Fig. 2).

Fig. 4 shows the regularization parameters chosen to minimize the ordinary cross validation function for
low/high noise levels in FRFs and low/high noise levels in operational responses. When zero values are
selected for l, these are shown along the bottom of the graph. Also shown in each case are the maximum
squared singular value, s2max, 10

�10 times this, the minimum squared singular value, s2min, and the square of the
error norm Ek k2 of the matrix Â. This gives an indication of the form of the added noise spectrum. It can be
seen that larger regularization parameters are selected as the noise levels in FRFs and/or in operational
responses increase. It is observed that the selected regularization parameter generally increases as the
frequency increases (in proportion to the square of the largest singular value).

Fig. 5 shows, for each method, the regularization parameters chosen to minimize the corresponding
validation function. These results correspond to low noise in the FRFs and medium noise in the operational
responses, as in Fig. 3. In Fig. 5, the trends of the results from OCV, GCV and MFE are similar although
GCV never selects a zero value for l. The L-curve criterion selects a regularization parameter that varies very
smoothly with frequency but which is generally higher than the other methods at low frequencies.
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Fig. 4. Regularization parameters chosen by the method of ordinary cross validation for different noise levels (J). —— s2max, – – –

10�10 � s2max, - - - - - - s2min, – � – � – Ek k2. (a) Low resp. noise, low FRF noise; (b) high resp. noise, low FRF noise; (c) low resp. noise, high

FRF noise; and (d) high resp. noise, high FRF noise.
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4. Effect of the dimensions of the plate

In the previous section, the method of ordinary cross validation was found generally to give better results
than the method of generalized cross validation. The L-curve method gave much better results in the presence
of high noise in the responses but worse results with low noise. To extend confidence in these conclusions, the
effects of varying a number of parameters on the performance of the methods of OCV, GCV and L-curve are
investigated in this and the following sections. These parameters are the shape (the dimensions) of the plate,
the positions of the forces applied, and the S/N ratios in the FRFs and the operational responses.

Different shapes of plate are studied as this affects the modal distribution with frequency and hence the
condition numbers. As well as the rectangle with an aspect ratio of 6:5 considered above, a square, and a strip
with an aspect ratio of about 1:5 (actually 100:511) are considered. All three have the same area, so the
corresponding dimensions are 0.6� 0.5m, 0.548� 0.548m, and 0.242� 1.238m, respectively. The non-
dimensional positions of forces and responses are the same as those for the initial rectangular plate (Table 1).
All other parameters and conditions are kept the same.
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Fig. 5. Selected regularization parameters for low noise level in FRFs and medium noise level in operational responses (J). —— s2max,
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The frequency range used is again limited to 10–500Hz because the results obtained by all three methods are
similar to each other above 500Hz. Three noise levels in the operational responses and FRFs are used, which
are the same as those used in the previous section.

Table 4 shows the average errors in reconstructed forces for the square plate. The condition numbers are
shown in Fig. 6. In comparison with the results of the rectangular plate, the average errors in forces
reconstructed by OCV and GCV generally reduce by about 1–4 dB, except in the case of high noise level in
FRFs, because the condition numbers become smaller in the case of low/medium noise levels in FRFs.
Therefore, since the differences between the average errors found by OCV and by GCV decrease, especially for
high noise level in operational responses, OCV and GCV show more similar results. Nevertheless OCV mostly
gives better results than GCV. There is very little change in the results of the L-curve method compared with
the rectangular plate, as the selection here appears to be less sensitive to condition numbers.

For the strip plate, the average errors in reconstructed forces are shown in Table 5. Due to its large aspect
ratio, this plate has a higher first natural frequency than the others (65Hz) but subsequent modes occur close
together in frequency, and its mode shapes are essentially one dimensional below 250Hz. These features have
the effect of reducing the condition numbers, as shown in Fig. 7. The average force errors for the strip plate are
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Table 4

Average errors in dB calculated in one-third octave bands in forces reconstructed in the frequency range of 10–500Hz for the square plate

Noise levels in operational responses

Low Medium High

OCV

Noise levels in FRFs Low 1.0 5.1 12.8

Medium 1.7 4.0 6.1

High 3.4 3.3 4.5

GCV

Noise levels in FRFs Low 1.2 6.2 14.3

Medium 2.7 4.7 7.8

High 3.4 3.9 5.2

L-curve

Noise levels in FRFs Low 3.9 3.6 3.2

Medium 3.9 3.7 3.3

High 3.8 3.6 3.6

MFE

Noise levels in FRFs Low 0.3 1.3 2.0

Medium 1.1 1.6 2.2

High 2.1 2.0 2.4
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Fig. 6. Condition numbers of the measured FRFs due to different levels of noise for the square plate: —— low noise level, – – – medium,

- - - - - - high.
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smaller than those for the other plates, particularly for OCV and GCV because of the reduction in the
condition numbers. However the differences between the results for OCV and by GCV are larger than for the
other plates, especially in the cases of medium/high noise levels in operational responses and low/medium
noise levels in FRFs. Therefore in this case, OCV is more clearly superior to GCV. As far as the L-curve is
concerned very little change is seen from the earlier two cases, although some improvement is seen for low
response noise.
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Table 5

Average errors in dB calculated in one-third octave bands in forces reconstructed in the frequency range of 10–500Hz for the strip plate

Noise levels in operational responses

Low Medium High

OCV

Noise levels in FRFs Low 0.8 3.5 10.3
Medium 1.7 2.8 4.9
High 2.4 3.2 4.5

GCV

Noise levels in FRFs Low 0.8 8.9 12.9
Medium 1.5 4.5 10.4
High 2.4 3.4 5.7

L-curve

Noise levels in FRFs Low 4.9 2.3 3.8
Medium 2.0 2.1 2.8
High 3.2 3.2 2.6

MFE

Noise levels in FRFs Low 0.3 1.5 1.8
Medium 0.8 1.3 1.9
High 1.5 1.7 2.0
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Fig. 7. Condition numbers of the measured FRFs due to different levels of noise for the strip plate: —— low noise level, – – – medium,

- - - - - - high.
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5. Effect of the distribution of applied force locations

In order to determine whether the conclusions reached are dependent on the choice of force and response
positions, four different distributions of force positions were used and their results were compared. The four
distributions are as follows:
(1)
 Initial distribution of force positions,

(2)
 A distribution of force positions close to one another,
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(3)
y
/b

y
/b

(a)

(c)

Fig.

distr
A distribution of force positions far from one another,

(4)
 A distribution of force positions near to the response positions.
Fig. 8 shows the non-dimensional positions of forces mentioned above and the response positions.
A distribution of force positions close to one another is obtained by choosing four points randomly within a

circle of non-dimensional diameter 0.1, see Fig. 8(b). It is expected that the condition number will be much
higher at low frequencies as the FRFs corresponding to each force position are very similar. The condition
numbers of the FRF matrices are shown in Fig. 9.
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Fig. 9. Condition numbers of the measured FRFs due to different levels of noise for the close distribution of forces: —— low noise

level, – – – medium, - - - - - - high.

Table 6

Average errors in dB calculated in one-third octave bands in forces reconstructed in the frequency range of 10–500Hz for the close

distribution of force positions

Noise levels in operational responses

Low Medium High

OCV

Noise levels in FRFs Low 1.9 14.3 22.3
Medium 4.1 6.5 12.8
High 4.2 4.9 7.5

GCV

Noise levels in FRFs Low 2.2 17.6 29.8
Medium 4.1 7.8 14.8
High 4.3 5.1 7.9

L-curve

Noise levels in FRFs Low 4.0 4.1 4.6
Medium 4.3 4.3 4.6
High 4.2 4.2 4.6

MFE

Noise levels in FRFs Low 1.5 3.1 3.3
Medium 3.2 3.1 3.4
High 3.3 3.4 3.4

H.G. Choi et al. / Journal of Sound and Vibration 304 (2007) 894–917908
The average errors in reconstructed forces are given in Table 6. Force errors become larger than those
obtained from the initial distribution (Table 3) because of the increase in the condition numbers of the FRF
matrices. In this case OCV gives force estimates better than or equal to GCV for each noise level. Even in this
situation, the error levels for the L-curve method are very similar to those for the initial distribution of forces
(Table 3), and only increase a little for high response noise.

To create a distribution of force positions far from one another four points were selected randomly, such
that they were each at least a non-dimensional distance 0.5 from one another, as shown in Fig. 8(c). The
condition numbers are plotted in Fig. 10 and can be seen to have reduced considerably at low frequencies as
the FRFs become much less inter-dependent.
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Fig. 10. Condition numbers of the measured FRFs due to different levels of noise for the far distribution of forces: —— low noise level,

– – – medium, - - - - - - high.

Table 7

Average errors in dB calculated in one-third octave bands in forces reconstructed in the frequency range of 10–500Hz for the far

distribution of force positions

Noise levels in operational responses

Low Medium High

OCV

Noise levels in FRFs Low 0.8 5.2 7.4
Medium 2.9 4.0 4.9
High 2.9 2.9 5.6

GCV

Noise levels in FRFs Low 0.9 6.2 7.6
Medium 2.9 5.0 5.4
High 2.7 3.0 6.2

L-curve

Noise levels in FRFs Low 6.5 6.1 4.8
Medium 6.0 5.4 4.6
High 5.5 5.4 4.5

MFE

Noise levels in FRFs Low 0.5 2.1 2.7
Medium 1.7 1.9 2.5
High 2.1 2.3 2.7

H.G. Choi et al. / Journal of Sound and Vibration 304 (2007) 894–917 909
Table 7 gives the average errors in reconstructed forces. Comparing these results with those of the original
and close distributions, there are smaller force errors for OCV and GCV at low noise levels in FRFs, due to
the reduction in the condition numbers. However, for the L-curve method the errors become larger for low
and medium noise in responses. Overall, the differences between OCV and GCV are smaller in this case, but
the results for OCV remain slightly better than for GCV. OCV gives better results than L-curve here for
medium as well as low noise in responses.

A distribution of force positions close to the response points is made by generating points randomly within a
radius of 0.05 for each response point. The 1st, 2nd, 3rd and 4th force positions are near to the 3rd, 2nd, 5th and 4th
response positions, respectively, see Fig. 8(d). The condition numbers are given in Fig. 11. They can be seen to be
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reduced considerably for low and medium noise levels, but for high noise level in the FRFs the condition numbers
are similar to those of the original distribution. They are consequently much less sensitive to noise in the FRFs.

Table 8 shows the results of the average errors in reconstructed forces. Comparing these results with those in
the original case (Table 3) for OCV and GCV, the force errors for low and medium noise levels in FRFs
decrease considerably. The errors in the forces are generally lower here than for the far distribution, although
condition numbers are similar. This can be attributed to the fact that the FRF matrix is closer to ‘diagonal’,
i.e. strongly dominated by one term in each row.

In the present case OCV still generally gives better results than GCV although the differences are small
despite the matrix being near-diagonal. The L-curve gives better results here than for the far distribution of
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Fig. 11. Condition numbers of the measured FRFs due to different levels of noise for the distribution of force positions near to response

positions: —— low noise level, – – – medium, - - - - - - high.

Table 8

Average errors in dB calculated in one-third octave bands in forces reconstructed in the frequency range of 10–500Hz for the distribution

of force positions near to response positions

Noise levels in operational responses

Low Medium High

OCV

Noise levels in FRFs Low 0.2 2.9 6.1
Medium 1.5 2.4 6.9
High 2.8 3.2 3.2

GCV

Noise levels in FRFs Low 0.2 3.0 6.2
Medium 1.4 2.2 7.4
High 2.8 3.0 5.8

L-curve

Noise levels in FRFs Low 4.4 4.3 3.8
Medium 4.4 4.3 3.7
High 4.3 4.2 3.8

MFE

Noise levels in FRFs Low 0.2 1.6 2.2
Medium 1.1 1.8 2.2
High 1.7 2.0 2.3
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forces. Again, it is less accurate for low, and to some extent medium, noise level in responses than OCV but
better for high noise in the responses.

Very similar results, not presented, were found when the force positions are coincident with the response positions.
In conclusion, the performance of force reconstruction is better when force positions are well separated

from each other than when they are close together. However, considerable benefit is obtained by locating
response locations close to force positions. In each case OCV gives slightly better results than GCV, although
as the results improve the difference between the methods becomes less. In most cases, the L-curve method
gives consistent results that are not greatly affected by the choice of positions, and are better than OCV for
high noise in the response and worse for low noise.

6. Effect of the signal-to-noise ratios

In this section, the performance of the various methods for determining the regularization parameter is
considered for a larger range of the noise levels, that is the S/N ratio of the FRFs and measured operational
responses. Moreover, results are shown across the frequency range rather than as a single frequency-averaged
result. The original plate configuration and force positions are used. A series of S/N ratios are used between 40
and 10 dB with a step of 1 dB. The S/N ratio of 40 dB corresponds to a low noise level and that of 10 dB
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Fig. 12. Average errors in forces reconstructed using OCV. (a) Low noise level in FRFs and variable noise level in operational responses,

(b) high noise level in FRFs and variable noise level in operational responses, (c) low noise level in operational responses and variable noise

level in FRFs, and (d) high noise level in operational responses and variable noise level in FRFs. RMSE is in dB; dark shading indicates

large error, white indicates small error.
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corresponds to a high noise level. The noise here differs slightly from that considered in earlier sections by the
fact that it is proportional to the signal at every frequency whereas previously it was not, as seen in Fig. 4, the
S/N ratios quoted in Table 2 being average values over the frequency range. Note also that only single noise
samples are used with random phase, whereas previously averaging was performed in obtaining ‘‘measured’’
FRFs and operational responses. However, 10 sets of results of reconstructed forces and regularization
parameters are obtained from 10 different sets of measured frequency response functions and operational
responses and the average result from these 10 cases is considered to give some smoothing.

Using the measured frequency response functions and operational responses with S/N ratios of 40 to 10 dB
with a step of 1 dB, the average errors of the reconstructed forces are calculated by using each of the methods:
OCV, GCV, L-curve and MFE. These were carried out for the following conditions:
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where low noise level is 40 dB S/N ratio and high noise level is 10 dB.
The average errors in the forces are determined as the root mean square error (RMSE) between the forces

obtained by OCV (or GCV or L-curve) and the forces obtained by MFE (not the exact forces), which are the
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Fig. 13. Average errors in forces reconstructed using GCV. Legend as for Fig. 12.
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best that can be achieved by regularization. This may be written as

DFmethod ¼
1

m

Xm

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n

Xn

j¼1

20 log F
ðiÞ
method;j

��� ���� 20 log F
ðiÞ
MFE;j

��� ���� �2vuut , (17)

where method is OCV, GCV or L-curve, m is the number of result sets (here 10), and n is the number of forces
(here 4). Figs. 12–14 show the results for each set of conditions listed above.

Comparing the results for OCV and GCV, Figs. 12 and 13, it can be seen that there are similar trends in
each of the conditions. The force errors are small above 100Hz, where the condition number is small, and in
this range the errors are relatively unaffected by noise. For low noise in the FRFs and high noise in the
responses there are considerable force errors at low frequencies where the condition numbers are high. It is
these errors that tend to dominate the frequency-average results in Table 3.

From a comparison of Figs. 12 and 14 it can be seen that the L-curve method greatly improves the estimates
at low frequencies but tends to give a worse estimate for low noise in FRFs between 50 and 100Hz and to a
lesser extent also at high frequencies.

In order to allow a more ready comparison of the results obtained by the three methods, Fig. 15 shows
the differences between the average errors in forces obtained by OCV and by GCV and Fig. 16 shows the
equivalent comparison between OCV and L-curve. These figures show the area where each method gives the
best performance. In order to separate the regions where each method gives better results, the following
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Fig. 14. Average errors in forces reconstructed using L-curve. Legend as for Fig. 12.
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Fig. 15. Comparison of average errors in forces reconstructed by OCV and GCV for various noise levels in operational responses and

FRFs. &: OCV better, : OCV and GCV give similar result, ’: GCV better. (a) Low noise level in FRFs and variable noise level in

operational responses, (b) high noise level in FRFs and variable noise level in operational responses, (c) low noise level in operational

responses and variable noise level in FRFs, and (d) high noise level in operational responses and variable noise level in FRFs.
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regions are defined:

OCV better : DFOCV � DFGCVp� 1 dB;

Similar : DFOCV � DFGCVj joþ 1 dB;

GCV better : DFOCV � DFGCV � þ1 dB;

(18)

and similarly for the comparison of OCV and L-curve. From Fig. 15, OCV is seen to perform better than GCV
in the low frequency region below 100Hz apart from around 50Hz, and GCV performs better around 50Hz
and above 100Hz.

From the equivalent comparison between OCV and L-curve in Fig. 16, it can be seen that the trends are
more complex. At low frequencies, especially 20–35Hz where the condition numbers are high, OCV works
best when the FRF noise levels are high (Fig. 16(b)) and L-curve works best when they are low (Fig. 16(a)). At
higher frequencies, where the condition numbers are low, the reverse trend is found. The worst case for OCV,



ARTICLE IN PRESS

Frequency [Hz]

S
/N

 R
a
ti
o
 i
n
 O

p
e
ra

ti
o
n
a
l 
R

e
s
p
o
n
s
e
s
 [
d
B

]

10 20 50 100 200 500

Frequency [Hz]

10 20 50 100 200 500

Frequency [Hz]

10 20 50 100 200 500

Frequency [Hz]

10 20 50 100 200 500

−40

−35

−30

−25

−20

−15

−10

S
/N

 R
a
ti
o
 i
n
 F

R
F

s
 [
d
B

]

S
/N

 R
a
ti
o
 i
n
 F

R
F

s
 [
d
B

]

−40

−35

−30

−25

−20

−15

−10
S

/N
 R

a
ti
o
 i
n
 O

p
e
ra

ti
o
n
a
l 
R

e
s
p
o
n
s
e
s
 [
d
B

]

−40

−35

−30

−25

−20

−15

−10

−40

−35

−30

−25

−20

−15

−10

(a) (b)

(c) (d)

Fig. 16. Comparison of average errors in forces reconstructed by OCV and L-curve for various noise levels in operational responses and

FRFs. &: OCV better, : OCV and L-curve give similar result, ’: L-curve better. (a) Low noise level in FRFs; (b) high noise level in

FRFs; (c) low noise level in responses; and (d) high noise level in responses.
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low noise in FRFs and high noise in responses, can be seen to give better results by L-curve at most
frequencies (top of Fig. 16(a) and bottom of Fig. 16(d)). Similarly the best case for OCV, low noise in both
FRFs and responses, gives better results by OCV for most frequencies (bottom of Figs. 16(a) and (c)).

Finally, to summarize these results, the average of the results in Figs. 15 and 16 is obtained over frequency.
These are first averaged in each one-third octave band and then the average over all one-third octave bands is
formed. For calculating this average, for example in the white areas where OCV performs better than GCV a
value of +1 is taken, in the black areas where GCV performs better than OCV a value of –1 is taken, and the
grey is allocated a value of 0. So if the average is positive then OCV performs better than GCV, and if that is
negative then GCV performs better than OCV.

Fig. 17 shows the results of this analysis. It can be seen that OCV performs better than or equal to GCV in
all cases. It is clearly better than GCV for low noise levels in FRFs and high noise in operational responses.
These results are consistent with the previous results in Table 3.

Comparing OCV and L-curve, OCV is clearly better for low noise in FRFs and responses and L-curve is
better for high noise in either FRFs or responses.
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Fig. 17. The average performance of each method calculated in one-third octave bands for various noise levels in operational responses

and FRFs. —— OCV compared with GCV, - - - - - - OCV compared with L-curve. (a) Low noise level in FRFs; (b) high noise level in

FRFs; (c) low noise level in responses; and (d) high noise level in responses. Values above 0 indicate that OCV gives better results than the

other method.
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7. Conclusions

The methods of ordinary cross validation, generalized cross validation and L-curve criterion in determining
the Tikhonov regularization parameter were compared for application to inverse force determination in
structural dynamics.

The L-curve method performs better than OCV or GCV for high noise, particularly in the operational
responses, but less well when these noise levels are low. It is therefore less susceptible to large reconstruction
errors but it tends to over-regularize the solution in the presence of low noise, leading to under-estimates of the
forces. As the operational responses are likely to be contaminated by noise, this suggests that the L-curve
method is likely to be the most appropriate method in many practical situations.

It has been seen that the method of OCV generally gives better results than that of GCV. Although GCV
was originally introduced to overcome problems that occur with OCV where the matrix to be inverted is near
diagonal, such situations have not been encountered in the present study. GCV has only been found to
perform better than OCV where condition numbers are lower (corresponding to high frequencies); its
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performance is worse than OCV where condition numbers are higher, which is where regularization is more
important (at low frequencies). Rather than using GCV, a previously investigated method of only using
regularization for condition numbers above a certain threshold seems preferable [14].

The robustness of the conclusions was confirmed for different noise levels in FRFs and in operational
responses and for different plate geometries and force locations.

In practice, measurements of FRFs are unlikely to have noise levels as high as 10 dB below the signal. The
measurements of operational responses may be more susceptible to noise contamination. It is therefore
important to obtain good estimates of the likely noise in the signals before determining the most appropriate
regularization technique.

For simplicity the work has been based on a rectangular plate. It is recognized that built-up structures could
pose different complexities due to the multi-axial nature of the problem, which may result in difficulties in
choosing the number and direction of forces. Built-up structures also result in interaction between different
wave types, which cannot be considered in the case of the plate studied. Nevertheless, the techniques which are
studied here do not depend on the details of the structure and it is therefore expected that they should perform
equally well for any structure, provided that the choice of force and response positions is sufficient to represent
the wave fields present in the structure. It is also noted that, by covering a wide frequency range, the study has
covered both low and high modal density regions, allowing application to a wide range of problems.
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